It is shown that time-independent circular currents and uniformly rotating charge distributions create heretofore unreported constant electric and magnetic fields associated with radial acceleration of the charges forming the circular currents and with radial acceleration of the charges comprising the rotating charge distributions. These fields are computed for several types of rotating charge distributions and for several types of circular currents. One of the consequences of the existence of these fields is that the Aharonov-Bohm effect can now be explained on the basis of classical electrodynamics.
Introduction
It is well known that the electric field of an electric charge in the state of uniform translational motion is different from the electric field of the same charge at rest. Therefore it is reasonable to expect that the electric field of a charge in the state of uniform rotational motion should also be different from the electric field of the same stationary charge. The theoretical analysis presented in this paper shows that uniformly rotating charge distributions do indeed produce constant electric fields different from those of the same stationary charge distributions. This analysis is based on the 'causal' solutions of Maxwell's equations representing the electric field E and the magnetic flux density field B in a vacuum in terms of their causative sourceselectric charges (charge density ρ) and electric currents (current density J ) [1] [2] [3] [4] [5] [6] 7 
In these integrals the brackets are the 'retardation symbol', indicating that the quantities between the brackets are to be evaluated for the 'retarded' time t = t − r/c, where t is the time for which E and B are computed, r is the distance from the source point (volume element dV ) to the field point (the point for which E and B are computed), c is the velocity of light, ε 0 is the permittivity of space and µ 0 is the permeability of space. Equations (1) and (2) are of a relatively recent origin and provide a new means for analysing and discussing electric and magnetic phenomena. Particularly significant for the calculations that follow is the last integral in equation (1) . It represents the so-called 'electrokinetic field' E k [8] , so named because it arises from the motion of electric charges constituting the current density J . Although this integral makes an important contribution to the electric field of uniformly moving charges [9, 10] , its main function is to represent the effect of charge acceleration on the electric field of the charge (or current) under consideration. In the calculations that follow, we shall use this integral for determining the electric field of electric charge distributions in the state of circular and rotational motion. This type of motion is only possible if the individual charges comprising the charge distribution under consideration experience a radial acceleration. Therefore, even when the speed of the charges is constant, the derivative ∂J/∂t does not vanish, and an electrokinetic field E k is inevitably created.
The derivative ∂J/∂t appearing in equation (2) indicates that the acceleration-related electrokinetic fields of rotating charges and circular currents are accompanied by accelerationrelated magnetic fields. These fields will also be considered in this paper.
Theory I. Electric field
Consider a charged ring of radius b and cross-sectional area S carrying a uniformly distributed charge of density ρ and rotating about its symmetry axis (y axis) with constant linear velocity u (figure 1). Let us find the electric field produced by this ring at a point P (x, y) at a distance R from the centre of the ring.
According to equation (1) , there are two different contributions to the field at P . The first contribution comes from the first integral in equation (1) . Since the charge density ρ of the ring does not depend on time, the derivative ∂ρ/∂t vanishes. Furthermore, since the charge density is the same at all times at all points of the ring, the retardation may be assumed to have no effect, so that the first integral in equation (1) represents the ordinary Coulomb field of the ring:
The second contribution to the electric field is from the last integral in equation (1), which represents the electrokinetic field E k . Also in this integral the retardation may be assumed to have no effect because at any given point of the ring the derivative ∂J/∂t is the same at all times, so that ∂J/∂t at t = t − r/c is the same as ∂J/∂t at t. Thus the electrokinetic field created by the ring is
Only E k depends on the acceleration of the charges, and therefore in the calculations that follow we shall be primarily interested in E k . Writing the three position vectors shown in figure 1 as
where i, j and k are unit vectors in the direction of the x, y and z axis, respectively. The magnitude of r is r = (r · r)
The derivative ∂J/∂t for the shaded element of the ring shown in figure 1 is
where a is the radial (centripetal) acceleration of the element 1 . Since
1 The reason that, for the charge element under consideration, ∂u/∂t = a is as follows. The partial derivative ∂u/∂t is the rate of change of u at a fixed point of the trajectory of the charge element. At the moment when the charge element arrives at a particular point of its trajectory, its velocity vector is in one direction. When, after a time interval t, the charge element leaves this point, the velocity vector is in a slightly different direction. The change in the velocity vector is u. The partial derivative is the limit of the ratio u/ t for t → 0 (very short charge element). The acceleration a is the limit of the same ratio.
we have
Substituting equations (9) and (12) into (4), we find the contribution of the shaded element shown in figure 1 to the electrokinetic field E k observed at the point P (x, y):
where dV is the volume of the shaded element. The electrokinetic field produced by the entire ring is therefore
where the integration is over the volume of the ring. Expressing dV as dV = Sb dϕ, we have
By the symmetry of the system, the z component of E k vanishes, so that we are left with
A closed form solution of the integral in equation (16) does not exist. Therefore we shall apply equation (16) to several special cases for which an approximate solution of equation (16) can be obtained.
A small rotating ring
The first special case that we shall consider is a ring as in figure 1 except that its radius is much smaller than the distance between the ring and the point of observation, b R. In this case we can write
which, by equation (16), gives
and, after integration,
or, in terms of spherical coordinates R and θ,
where R u and Θ u are unit vectors in the directions of R and θ , respectively.
Using the same approximation as in equation (17), we have for r/r 3 in equation (3)
which gives for the Coulomb field of the ring
The total electric field of the ring observed in the xy plane is obtained by adding equations (20) and (22):
Expressing E in terms of the charge of the ring, q = 2πbSρ, we have
A small rotating disc
Expressing in equation (20) the linear velocity u in terms of the angular velocity ω, replacing b by x and S by τ dx , and considering the ring to be a differential element of a disc, we can write
where τ is the thickness of the disc (the same as that of the ring). Integrating equation (25) between 0 and b, we then obtain for the electrokinetic field of a disc of radius b R
For the Coulomb field we similarly obtain
Adding equations (26) and (27), we obtain for the total electric field of the rotating disc
Expressing E in terms of the charge of the disc, q = πb 2 τρ, we have
where u is the linear velocity of the rim of the disc.
A small rotating sphere
2 and τ by dy , and assuming that the disc whose electrokinetic field is represented by equation (26) is a differential element of a sphere, we find by integrating over y from −b to b that the electrokinetic field of a rotating sphere of radius b R is
For the Coulomb field we have
Adding equations (30) and (31), we obtain for the total electric field of the rotating sphere
Expressing E in terms of the charge of the sphere, q = 4πb 3 ρ/3, we have
where u is the equatorial linear velocity of the sphere.
A long rotating hollow cylinder
Consider a long hollow cylinder of radius b rotating about its symmetry axis. Let the cylinder carry a uniformly distributed charge of density ρ and let the length of the cylinder be 2L. The electrokinetic field outside the cylinder can be obtained by assuming that the ring whose electrokinetic field is represented by equation (16) is a differential element of the cylinder. Let the thickness of the cylinder wall be w b. The electrokinetic field of the cylinder can then be found by replacing in equation (16) S by w dy , y by y , and by integrating the resulting equation over the length of the cylinder.
Let us assume that the point of observation is in the middle plane of the cylinder and that L x ('long' cylinder). We then have
Integrating by parts over ϕ, we have
Integrating over y and taking into account that L x, we obtain
The integral in equation (36) is just π/x 2 . The electrokinetic field of the cylinder is therefore
For the Coulomb field we have (see, for example, [7, pp 89-90 ])
Adding equations (37) and (38) and using cylindrical coordinates, we obtain
where r 0 is a radius vector normal to the axis of the cylinder and directed from the axis to the point of observation; r 0 (the magnitude of r 0 ) is the distance from the axis to the point of observation. Expressing E in terms of the charge of the cylinder, q = 4πbwLρ, we have
where ω is the angular velocity of the cylinder.
A long rotating solid cylinder
Expressing in equation (37) the linear velocity u in terms of the angular velocity ω, replacing b by x and w by dx , and considering the hollow cylinder to be a differential element of the solid cylinder, we can write
Integrating equation (41) between 0 and b, we obtain for the electrokinetic field of a solid rotating cylinder of radius b
For the Coulomb field we have [7, pp 89-90 ]
Adding equations (42) and (43) and using cylindrical coordinates we obtain
Expressing E in terms of the charge of the cylinder, q = 2πb 2 Lρ, we have
where u is the linear velocity at the surface of the cylinder.
A long solenoid
Consider a long solenoid whose symmetry axis is the y axis. Let the length of the solenoid be 2L and let it carry a current I . The electrokinetic field outside the solenoid can be obtained from equation (37) for the long thin rotating cylinder. Let the thickness of the current-carrying wall of the solenoid be w, let the current in each turn of the solenoid be I and let the solenoid have n turns. The charge density ρ associated with the current in the solenoid is then ρ = nI/2Luw. Expressing E k in terms of I , we then obtain
where r 0 is a radius vector normal to the axis of the solenoid and directed from the axis to the point of observation; r 0 (the magnitude of r 0 ) is the distance from the axis of the solenoid to the point of observation. Since ordinarily only negative charges produce the current in the solenoid, whereas an equal number of positive charges are at rest in the solenoid, the positive charges make no contribution to the electrokinetic field of the solenoid, and the Coulomb fields of the positive and negative charges of the solenoid cancel each other.
Theory II. Magnetic field
Let us designate the magnetic flux density field associated with the second integral in equation (2) as B k and, by analogy with the electrokinetic field E k , let us call it the 'magnetokinetic field'. We thus have
To determine the magnetokinetic field produced by the rotating ring shown in figure 1 , we proceed as follows. Since at any point of the ring the derivative ∂J/∂t is the same at all times, the retardation may be assumed to have no effect and we can write equation (47) as
Just as for the electrokinetic field E k , r is given by equation (8) and the derivative ∂J/∂t for the shaded element in figure 1 is given by equations (10)- (12) , so that dB k associated with the shaded element is
and, since by equation (7) r = b + R, we obtain
which, with equation (6), yields
The magnetokinetic field produced by the ring is therefore
where we have factored out the constant vector R. Writing dV as Sb dϕ, we have
By symmetry, the contribution of the z component of the integrand is zero, so that we are left with
and, since R × i = −R cos θk = −yk, we obtain
Let us now apply equation (55) to the special cases considered in section 2.
A small rotating ring
Assuming that b R ('small ring'), we have, as in equation (17),
Substituting equation (56) into (55), we obtain
or
In spherical coordinates, B k is
where Φ u is the azimuthal unit vector left-handed relative to the y axis. Written in terms of the current I = ρuS created by the rotating ring, B k is
The total magnetic field produced by the ring is the sum of B k and the field associated with the first integral in equation (2) . However, the latter field (which is the ordinary dipole field of the ring) is of no interest for the present discussion and we shall not include it in our derivations.
A small rotating disc
Expressing in equation (59) the linear velocity u in terms of the angular velocity ω, replacing b by x and S by τ dx , and considering the ring to be a differential element of a disc, we can write
Integrating equation (61) between 0 and b, we then obtain for the magnetokinetic field of a disc of radius b R
where u is the linear velocity of the rim of the disc. Expressing B k in terms of the charge of the disc, q = πb 2 τρ, we obtain
A small rotating sphere
Using equation (62) with angular velocity ω, replacing b 4 by (b 2 − y 2 ) 2 and τ by dy , and assuming that the disc represented by equation (62) is a differential element of a sphere, we find by integrating from −b to b that the magnetokinetic field of the rotating sphere of radius b R is
where u is the equatorial linear velocity of the sphere. Expressing B k in terms of the charge of the sphere, q = 4πb 3 ρ/3, we obtain
Long rotating cylinders and a long solenoid
Consider a long thin rotating cylinder whose symmetry axis is the y axis. Let the length of the cylinder be 2L, let the thickness of its wall be w, and let it carry a uniformly distributed charge of density ρ. The magnetokinetic field outside the cylinder can be obtained with the help of equation (55) by assuming that the ring, whose electrokinetic field is represented by equation (55), is a differential element of the cylinder. Let the point of observation be in the middle plane of the cylinder and let L x ('long' cylinder). Replacing y in equation (55) by y , and replacing S by w dy , we then have
However, the contributions of −y and y cancel when we integrate from −L to L. Thus the integral in equation (66) is zero and the cylinder does not create a magnetokinetic field in the midplane of the cylinder. The same considerations apply to a solid rotating cylinder and to a current-carrying solenoid.
Discussion
The calculations of the electrokinetic and magnetokinetic fields E k and B k presented above reveal the existence of several previously unreported and unforeseen electromagnetic effects, the most important of which are:
(1) A steady-state circular electric current creates a constant radial electric field associated with radial acceleration of the charges constituting the current.
(2) A uniformly rotating spherical charge creates not only the usual Coulomb field, but also a constant radial electric field associated with radial acceleration of the elementary charges within the spherical charge under consideration.
(3) A steady-state circular electric current creates not only the usual magnetic field associated with the current, but also a constant circular magnetic field associated with radial acceleration of the charges constituting the current.
(4) A uniformly rotating spherical charge creates not only the usual magnetic dipole field, but also a constant circular magnetic field associated with radial acceleration of the elementary charges within the spherical charge under consideration.
In connection with these effects two questions arise:
(1) Why were these effects not predicted by electromagnetic theory in the past? (2) Are there any experiments manifesting these effects? The answer to the first question is quite simple. Crucial for the calculations presented in this paper are equations (1) and (2). Although these equations were derived almost half a century ago, they became generally known relatively recently and have not yet been used for practical applications to any appreciable extent.
The answer to the second question is more complicated. First, it should be noted that, because of the factor u 2 /c 2 in the electrokinetic field equations and the factor u 2 /c in the magnetokinetic field equations, these fields are extremely weak, except when u is close to c, which can hardly happen in macroscopic systems. Furthermore, in order to detect these very weak fields in macroscopic experiments one needs to use field-detecting devices whose sensitivity is much greater than that of conventional macroscopic electromagnetic instruments.
The situation is quite different in mesoscopic and microscopic systems. High velocities are commonplace in such systems, and electric and magnetic fields are detected there by elementary particles whose motion is strongly affected even by extremely weak fields. In fact, there is good evidence that the electrokinetic field associated with a circular current has already been observed in a mesoscopic experiment, in the well known Aharonov-Bohm experiment.
In their now famous 1959 paper, Aharonov and Bohm advanced the theory that the magnetic vector potential is not just a mathematical device, but an observable physical quantity having a physical significance of its own [11] . They suggested that the wavefunction of electrons moving outside a long current-carrying solenoid in a region where (as was generally assumed) there are no electric or magnetic fields can be altered solely by the magnetic vector potential. Experiments have apparently supported their theory [12] , and the phenomenon predicted by them became known as the Aharonov-Bohm effect.
Although the Aharonov-Bohm effect is considered to be a quantum mechanical effect (it manifests itself as a shift of wavefunction interference fringes), it could have profound and dramatic consequences for classical electrodynamics. In classical electrodynamics, only electric and magnetic fields can alter the motion of charged particles. They do so by exerting electric and magnetic forces on the particles. If electromagnetic potentials can exert a dynamical effect on charged particles in the absence of electric or magnetic fields at the location of the particles, then the entire Maxwellian electrodynamics is incorrect and must be replaced by a different theory. However, no physical theory has been validated more convincingly and more completely than Maxwellian electrodynamics.
It should be noted that the expressions for the fringe shift obtained by Aharonov and Bohm involve purely classical electrodynamic quantities: the macroscopic magnetic vector potential of the solenoid and the macroscopic magnetic flux inside the solenoid in particular. The question arises therefore: is it possible that the fringe shift observed in the AharonovBohm experiment is actually associated with an electric or magnetic field outside the solenoid that somehow was overlooked in the formulation of the theory of the effect? Numerous attempts have been made to interpret this fringe shift in terms of classical electrodynamics [13] , and the role of the magnetic vector potential in the Aharonov-Bohm experiment has been questioned [14] . Quite clearly, a successful electrodynamic theory of the Aharonov-Bohm experiment should accomplish two things: it should show that an electric or magnetic field does indeed exist outside the solenoid in the Aharonov-Bohm experiment and it should explain the role of the macroscopic magnetic vector potential in that experiment. Until now such a theory could not be formulated.
The theory of acceleration-related electrokinetic fields presented in this paper finally makes it possible to reconcile the Aharonov-Bohm experiment with classical electrodynamics. According to equation (46), there is indeed an electric (electrokinetic) field outside a currentcarrying solenoid:
Therefore, according to this equation, the electrons in the Aharonov-Bohm experiment are moving in the presence of an electric field and, consequently, experience an electric force due to this field. The question remains, however, how this electric force is related to the magnetic vector potential of the solenoid. The answer to this question is provided below. As with any electric field, the electrokinetic field exerts a force
on the electric charge q located in this field. If the charge q moves through E k , it acquires a momentum p given by
Substituting E k from equation (4) and integrating over time, we have
However, the last integral in equation (69) is
where A is the vector potential produced at any point of space by the current J (see, for example, [7, pp 363-4] noting that 1/ε 0 c 2 = µ 0 ), the current which, according to equation (2), also produces the magnetic field B in the solenoid. Thus, for an electron in the AharonovBohm experiment, equation (69) can be written as
where A is the vector potential at the point where the electron (negative charge e) is located. When the electron moves from its source to the screen on which the interference fringes are observed, the phase of its wavefunction changes by [15] 
The difference in the phases of the wavefunction of electrons passing the solenoid on two different sides S 1 and S 2 is then
Since
where is the magnetic flux enclosed by the path of integration (see, for example, [7, p 366] ) (the magnetic flux inside the solenoid), we finally obtain
This is the same equation as that obtained by Aharonov and Bohm on the basis of their theory. Thus, equation (75), which is the mathematical expression for phase shift in the AharonovBohm experiment, is a consequence of an electric force acting on moving electrons. The force is caused by the electric field produced by the same current which creates the magnetic field in the solenoid. This force is a strictly classical phenomenon and is a direct consequence of Maxwell's electrodynamic equations. Therefore, although Aharonov and Bohm attributed the phase shift observed in their experiment to the magnetic vector potential, the experiment does not reveal any special physical significance of the magnetic vector potential 2 . In this connection it may be mentioned that electromagnetic forces can be quite generally described and computed not only in terms of electromagnetic fields but also in terms of electromagnetic potentials [17] .
In conclusion it should be noted that the study of the electrokinetic and magnetokinetic fields represented by the second integral of equation (1) and by the second integral of equation (2) is still in its rudimentary stage. More studies, especially experimental, are needed for elucidating properties, peculiarities and possible uses of these fields. The calculations presented in this paper indicate that these fields may give rise to a variety of important electromagnetic effects not yet described or observed.
Introduction
In a recent paper [1] , Jefimenko has argued that so-called 'electrokinetic' electric fields and 'magnetokinetic' magnetic-induction fields can be produced by charges in uniform circular motion, even though the charge-current distribution is everywhere constant in time. These fields are supposed to exist in addition to the usual electric and magnetic-induction fields given by the Coulomb and Biot-Savart laws for stationary sources. It is the purpose of this comment to point out (a) that Jefimenko's argument relies on an erroneous identification of the total and partial time derivatives of the current density and (b) that the 'electrokinetic' and 'magnetokinetic' fields vanish for the systems considered. It follows that an 'electrokinetic' field cannot be invoked as a classical explanation of the Aharonov-Bohm effect due to a long cylindrical solenoid and it will be shown that the field used for this purpose in [1] does not satisfy Maxwell's equations inside the solenoid. and the partial time derivative ∂J/∂t is identically zero 3 . In equation (5), u is the velocity J /ρ of the charge element. By using cylindrical polar coordinates and the fact that ρ is constant in the rotating ring, it may readily be verified that the second term on the right-hand side of equation (5) gives ρa. That Jefimenko has calculated the total time derivative of J is clear from the footnote on page 6145 of [1] . It is also clear from the derivation of equations (1) and (2) from the retarded electromagnetic potentials in the Lorentz gauge (see [4] , for example) that ∂ρ/∂t and ∂J/∂t in these equations are partial time derivatives at a fixed point in space.
Maxwell's equations
As the generalized Coulomb and Biot-Savart laws are based on Maxwell's equations, any fields E and B obtained by exact evaluation of the integrals in equations (1) and (2) must satisfy Maxwell's equations with the prescribed charge and current densities ρ and J as sources. It will now be shown that in the case of a uniformly charged and steadily rotating hollow cylinder, Jefimenko's 'electrokinetic' field E k does not comply with this requirement. In the limit of an infinitely long cylinder of radius b that rotates about its axis with constant angular velocity u/b and has constant surface charge density σ , 
where r 0 is the cylindrical-polar radial coordinate,r 0 is the outward radial unit vector and the axis of the cylinder is the z-axis. Again the notation is that of [1] except that the product of the charge density ρ and the width w of the cylindrical shell used in [1] is written here as σ ; that is, the thin shell is replaced by a cylindrical surface by letting ρ tend to ∞ and w tend to zero in such a way that ρw tends to σ . The expression given in the second of equations (6) for the 'electrokinetic' field outside the cylinder r 0 = b was obtained in [1] by inserting ρa for ∂J/∂t in equation (1) and using the value π/x 2 for the integral
in the case where x > b. By interchanging x and b, it can be seen that the integral (7) has the value π/b 2 when 0 < x < b and it is easy to verify that it has this value also when x = 0. The expression for E k inside the cylinder r 0 = b, given in the first of equations (6), then follows. It may be shown that ∇ × E k = 0 when r 0 = b. The discontinuity in E k on the cylinder r 0 = b is removable and hence so is that of its normal component, which is E k itself.
The Coulomb field E C of the charged cylinder, which corresponds to the first integral in equation (1), is given by
This field too is radial but, in contrast to E k , it changes discontinuously by (σ/ 0 )r 0 when r 0 passes through the point b and hence it satisfies the correct boundary condition for the cylinder with surface charge density σ . Thus, the given charge on the cylinder acts as a source or a sink for the Coulomb field E C outside the cylinder. Now the outward flux of E k per unit length of cylinder through any cylinder r 0 = d with radius d greater than b is u 2 π bσ/(c 2 0 ) and is independent of d. By Gauss's flux theorem, there must be charge u 2 πbσ/c 2 per unit length of cylinder inside the cylinder r 0 = b. It follows from equations (6) that
The first of equations (9) implies that inside the cylinder there is a constant charge density u 2 σ/(c 2 b) and hence a charge u 2 πbσ/c 2 per unit length of cylinder that acts as a source or a sink for the field E k outside. Jefimenko's field E k is therefore inconsistent with the prescribed charge density ρ, which is non-zero only on the cylinder, and Maxwell's equation ∇ · E = ρ/ 0 is not satisfied by the total electric field E C + E k at any point inside the cylinder. This inconsistency confirms the result of section 2 that there is no field E k due to radial acceleration of charges on the cylinder.
Aharonov-Bohm effect
In section 4 of [1] , an explanation, based on classical electrodynamics, of the AharonovBohm effect due to an infinitely long cylindrical solenoid was proposed. For the purposes of discussion, it is convenient here to regard the solenoid as consisting of two contiguous cylinders, one with positive surface charge density −σ at rest and the other with negative surface charge density σ rotating about its axis with constant angular velocity u/b, where σ is a negative constant and b is the radius of both cylinders. This serves as a model for the system considered in [1] , in which a current of conduction electrons with negative charge density ρ flows through a closely wound solenoid against a fixed background of positive ions with charge density −ρ. The Coulomb fields of the two cylinders cancel but, according to [1] , there is a radially inward electric field E k caused by the rotation of the negatively charged cylinder. Since this field (but no magnetic-induction field) is supposed to exist in the configuration space r 0 > b of a charged particle being scattered by the solenoid, it was argued in [1] that it gives rise to the Aharonov-Bohm phase shift. There is then apparently no need to attribute a local but gauge-invariant influence to either the vector potential outside the solenoid or the particle's magnetization field inside the solenoid [8] . It has been shown here, however, that there is no 'electrokinetic' field E k accompanying the rotating cylinder and so such a field cannot be used to explain the Aharonov-Bohm effect.
It is, of course, possible for an electric field of the form given in equations (6) to exist, but this, as has been seen in section 3, would require a static charge distribution of constant negative density u 2 σ/(c 2 b) in the interior region 0 r 0 < b. If this charge were present, the electric field would act directly on a charged particle in the exterior region r 0 > b whether the negatively charged cylinder were at rest or rotating and hence a change in the particle's wavefunction due to the electric field would occur whether the magnetic-induction field B inside the solenoid were zero or not. The Aharonov-Bohm effect, which is the additional change caused by a non-zero field B in the interior region, would still be manifest as a shift in the interference pattern of the scattered particles and would still require a non-classical interpretation.
